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GENUS 3 CURVES WHOSE JACOBIANS HAVE ENDOMORPHISMS BY Q(ζ7 + ζ¯7)
J. WILLIAM HOFFMAN, ZHIBIN LIANG, YUKIKO SAKAI, AND HAOHAO WANG
Abstract. In this work we consider constructions of genus three curves X such that End(Jac(X)) ⊗ Q
contains the totally real cubic number field Q(ζ7 + ζ¯7). We construct explicit two-dimensional families
defined over Q(s, t) whose generic member is a nonhyperelliptic genus 3 curve with this property. The
case when X is hyperelliptic was studied in [6]. We calculate the zeta function of one of these curves.
Conjecturally this zeta function is described by a modular form.
1. Introduction
Let Mg be the (coarse) moduli space of projective smooth curves of genus g. Recently there has been a
lot of progress in understanding the loci in Mg defined by those curves X such that the Jacobian variety
Jac(X) has special endomorphisms, when g = 2 (see, e.g., [2], [5], [12], [14]). The situation for g ≥ 3 is
much less studied. Recall that for any polarized abelian variety A, End(A)⊗Q is a semisimple algebra of
finite dimension with involution, and the explicit types possible can be listed (see [17, §X] and [10]). For
a generic curve X, we have End(Jac(X)) ⊗ Q = Q so special endomorphisms means: End(Jac(X)) ⊗ Q
contains, but is larger than Q. Throughout this paper we work with varieties over fields of characteristic
0.
Let A3 be the moduli space of principally polarized abelian varieties of dimension 3. The map X 7→
Jac(X) : M3 → A3 is a birational equivalence of 6-dimensional varieties. However not every genus 3
curve is hyperelliptic. The general genus 3 curve is isomorphic via the canonical embedding to a smooth
projective plane quartic. The locus of hyperelliptic curves Mhyper3 ⊂ M3 is a 5-dimensional irreducible
subvariety. A hyperelliptic genus 3 curve can be given by an equation y2 = f(x) where the polynomial
f(x) is of degree 7 or 8 and has distinct roots. In [6] we showed via the method of Humbert and Mestre,
that given a Poncelet 7-gon, there is a genus 3 hyperelliptic curve X canonically constructed from it, which
had the property that End(Jac(X))⊗Q ⊃ Q(ζ7 + ζ7) := Q(ζ
+
7 ), where ζ7 is a primitive 7th root of unity.
In this paper we give a construction of nonhyperelliptic curves of genus 3 with this property via a
generalization of the method of Humbert and Mestre. As Mestre pointed out to us on visit to Beijing
(summer 2012) our method can be viewed as a special case of results of Ellenberg [3]. Actually Ellenberg
defines coverings of Riemann surfaces which define algebraic curves with special endomorphism algebras
of their Jacobians, but his method cannot provide explicit equations for those curves because of the
nonalgorithmic nature of Riemann’s Existence Theorem.
We construct explicit 2 - dimensional families of nonhyperelliptic curves, defined over the field Q(s, t).
As an application, we calculate the zeta function of one of these curves. We find that the numerators of
this zeta factor into 3 quadratic polynomials over the field Q(ζ7 + ζ7) (at primes of good reduction), as is
expected from the existence of the extra endomorphisms in the Jacobian. Conjecturally these quadratic
factors define the L-function of a modular form.
Let K/Q be a totally real number field of degree 3. The moduli space principally polarized abelian
varieties A such that End(A) contains a fixed order R ⊂ K is a Hilbert modular variety HR of dimension
3 (for the general theory, see [4], [15], [16]).
As mentioned above, we can (generically) identify A = Jac(X) for a genus 3 curve X. We obtain in
this way a morphism HR →M3. The construction in this paper gives explicit families of nonhyperelliptic
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curves of genus 3 whose Jacobians have endomorphisms by Q(ζ+7 ). These families have 2 independent
moduli and therefore do not get the generic member of HR. Nonetheless ours is an explicit algorithm to
construct families of curves which may be useful in other contexts. A sequel to this paper will discuss
another approach which does give families with 3 independent moduli.
The outline of this paper is as follows: In section 2 we review Mestre’s method, and give a generalization
of it. We relate this in section 3 to Ellenberg’s approach, and in particular show that the Jacobians of these
curves have a endomorphisms by Q(ζ+7 ). The last section 4 looks at an example. We compute the Euler
factors of the zeta function for some values of the rational prime p of good reduction, and experimentally
at least, verify their expected behavior, namely the factorization of their numerators into quadratic pieces
mentioned above.
Many of the calculations in this paper were carried out with Mathematica ([18]), Magma ([1]), PARI/GP
([11]) and Sage ([13]).
Acknowledgements: We would like to thank Dr. J. F. Mestre for his helpful comments during his
visit to Beijing in summer 2012. This work was conducted during an invited academic visit to Beijing
International Center for Mathematical Research and the Chinese Academy of Science, and we would like
to thank the hosting institutions, in particular Zhibin Liang and Lihong Zhi, for the invitations, and the
hospitality during the visit. The first author is supported in part by NSA grant 115-60-5012 and NSF
grant OISE-1318015; the second author is supported by NSFC11001183 and NSFC1171231, and the last
author would like to thank the GRFC grant from Southeast Missouri State University.
2. Generalization of Mestre’s construction
We will first briefly review the construction of Mestre; for details see his papers [8] and [9].
Let E be an elliptic curve and G ⊂ E a finite subgroup. Let x : E → P1 be a rational function such that
x(−P ) = x(P ), for instance the x-coordinate in a Weierstrass model of E. We also assume that x(O) =∞.
If p : E → E/G, then there is a rational function u : P1 → P1 making the diagram commute:
E
p
−−−−→ E/G = E′
x
y z
y
P1
u
−−−−→ P1
These curves have correspondences induced by the elements of G. For later purposes, we will label the
left-hand projective line as P1x, the right-hand projective line as P
1
z and the projection z : E
′ → P1z.
Any x ∈ P1x is of the form x = x(P ) for a P ∈ E unique up to ±P . Because of z ◦ p = u ◦ x we have
u(x(P +M)) = u(x(P )) for any M ∈ G. Therefore the map Xs → Sym
2(Xs)
(x, y) = (x(P ), y) 7→ (x(P +M), y) + (x(P −M), y)
is well-defined, and one can show that it is a morphism of varieties.
We define a family of hyperelliptic curves by
Xs : y
2 = u(x)− s, where s is a parameter.
The special case of interest for us is when G = 〈S〉 is the subgroup generated by a point of order 7. We
have the universal family (E,S) of elliptic curves with a point of order 7 parametrized by the modular
curve X1(7) ∼= P
1
t , given by the equation:
Et : y
2 + (1 + t− t2)xy + (t2 − t3)y = x3 + (t2 − t3)x2, S = (0, 0).
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The subgroup scheme G = 〈S〉 is defined by the equation x(x− t3+ t2)(x− t2+ t) = 0. The quotient E/G
is
y2 + (−t2 + t+ 1)xy + (−t3 + t2)y = x3 + (−t3 + t2)x2 + a(t)x+ b(t),
a(t) = −5(−1 + t)t(1− t+ t2)(1 − 5t+ 2t2 + t3),
b(t) = −(−1 + t)t(1− 18t+ 76t2 − 182t3 + 211t4 − 132t5 + 70t6 − 37t7 + 9t8 + t9).
The map E → E/G is given by (x, y)→ (u(x), v(x, y)) where
u(x) = ut(x) =
w(x)
(−t+ t2 − x)2(−t2 + t3 − x)2x2
,
w(x) = wt(x) = x
7 − 2(−1 + t)t(1 + t)x6 + (−1 + t)t(1− 7t+ 5t2 − 3t3 + 2t4 + t5)x5
− (−1 + t)2t3(−1− 13t+ 12t2 − 9t3 + 6t4)x4 + (−1 + t)3t4(−1− 7t− 8t2 + 4t3 + t4 + t5)x3
− (−1 + t)4t6(1 + t)(−3− 5t+ 3t2)x2 + (−1 + t)5t8(−3− 3t+ t2)x+ (−1 + t)6t10.
Note that the denominator above is [(x−x(S))(x−x(2S))(x−x(3S))]2. We obtain in this way a 2-parameter
family of genus 3 hyperelliptic curves, which are studied in detail in [6].
These constructions of Mestre were applied to the hyperelliptic case. In fact, the method is more general.
If X : f(u, y) = 0 is any algebraic curve (f is a rational function), then the curve f(u(x), y) = 0 will have
correspondences induced from elements of the subgroup G ⊂ E. The essential point is the property
u(x(P + S)) = u(x(P )) for any point P ∈ E and S ∈ G, which follows immediately from the definition of
u(x). Hence if (x(P ), y) is on X so is (x(P + S), y) . The correspondence is
(x, y) = (x(P ), y) 7→ (x(P + S), y) + (x(P − S), y).
This is well-defined: any (x, y) on X is of the form (x(P ), y) for some P ∈ E, unique up to ±P . Replacing
P by −P in the above expression gives the same result.
If f(y) = y2 − t for a parameter t, Mestre’s family is f(y)− u(x) = 0. That the genus of a curve Xt in
this family is 3 can be seen from the ramification properties of the maps
y 7→ z = f(y) = y2 − t : P1y → P
1
z , x 7→ z = u(x) : P
1
x → P
1
z,
see below.
For nonhyperelliptic case, we would like to find an equation f(y) = u(x), where the function f(y) is
chosen such that the curve f(y) = u(x) is of genus 3. The key is in the ramification properties of the map
u. The morphism u has degree 7. Since both source and target have genus 0, the genus formula tells us
that the total ramification of the map
z = u(x) : P1x → P
1
z
is 12. We can identify the ramification points easily. Let Q1 = O,Qi, i = 2, 3, 4 be the points of order 2
on E, and define qi = x(Qi), so q1 =∞. Since x(Q+ jS) = x(Q− jS) for any multiple of S, a generating
point of order 7, and any point Q of order 2, we let {ri, r
′
i, r
′′
i } be the values {x(Q+ jS)} for j 6= 0 mod 7.
Because 7 is prime to 2, Q′i = f(Qi) are the points of order 2 on E
′ = E/〈P 〉. Finally remember that the
ramification of the maps x : E → P1x and z : E
′ → P1z occur only at the points of order 2, and that the
map f is unramified.
Lemma 2.1. The map z = u(x) : P1x → P
1
z is ramified of type 2,2,2,1 above each of the four points
qi,
′= x(Q′i). In fact, u is e´tale at qi = x(Qi) and branched of order 2 at each of ri, r
′
i, r
′′
i , as in the picture
below.
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ri
r′i
ri
qi
q′i
u
Proof. Look at the ramification of the composite map u ◦ x = z ◦ f . Since f is everywhere unramified, the
branching of this function can only occur at f−1(branch points of z) = f−1(Q′i) = {Qi + jS)} and these
are branch points of order 2. On the other hand, Qi is a branch point of order 2 for x : E → P
1
x, so there
cannot be any further branching at this point under u ◦ x, which means that u must be unramified at
qi = x(Qi). But x : E → P
1
x is unramified at Qi + jS if j is not 0 mod 7 (these are not points of order 2),
and since u ◦ x does ramify of order 2 at this point and x does not, we must have that u ramifies of order
2 at each of ri, r
′
i, r
′′
i as claimed. 
One can understand Mestre’s method as follows: he base-extends a double cover a : P1y → P
1
z in the
shape z = f(y) = y2 + c for an constant c, via the map z = u(x) : P1x → P
1
z, and normalizes to obtain
a smooth curve X. The point S of order 7 on the elliptic curve E gives rise to a correspondence which
defines an endomorphism of the Jacobian of X, as outlined above. The fact that the genus of X is 3 can
be immediately seen from the explicit equations, but in fact, it can also be seen from the ramification
properties of the map g : X → P1x which is the base-extension of f : P
1
y → P
1
z via u. The essential
point is that a has ramification index 2 above q′1 =∞ and that u has ramification type 2, 2, 2, 1 over that
point. Upon base-extension, g ramifies over q1, r1, r
′
1, r
′′
1 respectively of type 2, 1, 1, 1. The point is that, u
is unbranched at q1, but branched of order 2 at r1, r
′
1, r
′′
1 . Pulling back along an e´tale map does not change
the ramification, but pulling back a double branching along a double branching “unscrews” it, as in the
picture below.
ri
r′i
ri
qi
q′1 =∞
u
∞
qi
f
g
v
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The general case is this:
Lemma 2.2. Let Dw be the open unit disk in the complex w-line. Consider the map f : Dt → Ds given by
s = f(t) = tn for a positive integer n. Let g : Dz → Ds be given by s = g(z) = z
d for a positive integer d.
Let e be the greatest common divisor of n and d. Then the normalization of the base-change is a disjoint
union of e analytic disks Dw:
˜Dz ×Ds Dt =
e∐
i=1
Dw.
Proof. The base-change is {(z, t) | zd = tn}. Write d = ed0, n = en0, with d0, n0 relatively prime. Choose
any primitive eth root of unity η. This set breaks up into e sets
Mi = {(z, t) | z
d0 = ηitn0}, i = 0, ..., e − 1.
These are irreducible and mutually disjoint except for the one common solution (0, 0). The normaliza-
tion will be the disjoint union of the normalization of each, and each of these is a disk. A one-to-one
parametrization Dw →Mi is given by w 7→ (ξw
n0 , wd0), where ξd0 = ηi. One checks that it is a bijection.
If (ξwn0 , wd0) = (ξwn01 , w
d0
1 ), then (w/w1)
d0 = (w/w1)
n0 , which shows that w/w1 = 1 since d0 and n0 are
relatively prime, which shows injectivity. To see surjectivity, for a given (z, t), let wd0 = t. Since
(ξwn0)d0 = ηitn0 = zd0 ,
we have ξwn0 = ζz, with ζd0 = 1. Let a be an integer such that an0 ≡ −1 mod d0, which exists since d0
and n0 are relatively prime. Let w1 = ζ
aw. Then wd01 = t, and z = ζ
−1ξwn0 = ζ−1ξζ−an0wn01 = ξw
n0
1 . 
In summary: the projection g : X → P1x ramifies only once above the points u
−1(∞), as in the above
picture. The other branch points occur at u−1(the other branch point of f), but u is unbranched over
these, so we get 7 branch points of order 2. The total is e = 1+ 7 = 8, so that the genus of X is indeed 3.
We change the notation a bit by setting q′1 =∞, q
′
2 = m, q
′
2 = n, q
′
3 = p. The ramification of the function
u(x) is of type 2, 2, 2, 1 over the four points m,n, p,∞ which are the images of the points x(Qi) for the 4
points Q1, Q2, Q3, Q4 ∈ E of order 2 in the group law of E.
We generalize Mestre’s construction by pulling back a triple covering f : P1y → P
1
z along the map u.
For essentially the same reason as in the hyperelliptic case, we obtain a correspondence on this curve X.
We arrange so that the map f has branching of type 2, 1 over each of the points m,n, p. There is one
further branch point of f which is left arbitrary. Because of the branching behavior of the map u above
the points m,n, p (see the picture in lemma 2.1) we get by the reasoning of the previous section that the
ramification of the map g : X → P1x is of the following type: Above the points u
−1(m), u−1(n), u−1(p) only
one ramification point in each set. Above each of the seven points in u−1(the other branch point of f),
a single double branch point. The total ramification is thus 10 and since g is a triple cover, this gives a
genus of 3 for X. We will show in the next section that the correspondence gives an endomorphism of the
Jacobian of X which is ζ7 + ζ
−1
7 by connecting our construction with more general results of Ellenberg.
We obtain a one parameter family fs(y) of coverings of degree 3, branched above m,n, p. We symmetrize
our projection with respect to permutations of m,n, p to make our equations rational in the coefficients of
the polynomial (x −m)(x − n)(x − p) = x3 + ax2 + bx + c, which give the x-coordinates of the points of
order 2 on the elliptic curve E′.
Procedure to Construct the Curves:
1. Let T =
ay3 + by2
y + c
with a 6= 0. This gives a degree 3 covering P1 → P1 with branching above
T = 0,∞ with y = 0,∞ being the branching points. Moreover, the ramification of the function
is of type 2, 1 over these points, i.e., T (0) = T ′(0) = 0, T (∞) = T ′(∞) = ∞. We can choose the
constants so that T (1) = 1, T ′(1) = 0. First, we have c 6= −1. Then these conditions lead to
a+ b = c+1 and c = −2a−b3a+2b = a+ b−1. The solution b = −a is rejected because it leads to c = −1.
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The other solution is b = (1− 3a)/2, and we remove the denominator by replacing a→ 1 + 2a. It
leads to the expression
T =
(1 + 2a)y3 + (−1− 3a)y2
y − 1− a
with a 6= −1/2. This T carries 0, 1,∞ respectively to 0, 1,∞ with
multiplicity 2.
2. Let T = (S−m)(p−n)(S−p)(m−n) . This function carries T = 0, 1,∞ to S = m,n, p. Similarly, let y =
(z−m)(p−n)
(z−p)(m−n) .
This function carries y = 0, 1,∞ to z = m,n, p. Substitute T, y expression for T (y), and we obtain
S =
α(z)
β(z)
, where
α(z) = (m2n2p+ 2am2n2p− am2np2 −mn2p2 − amn2p2)
+(−3m2np− 3am2np− 3amn2p+ 3mnp2 + 6amnp2)z
+(m2n−mn2 + 2m2p+ 3am2p+ n2p+ 3an2p− 2mp2 − 3amp2 − np2 − 3anp2)z2
+(−m2 − am2 +mn+ 2amn− an2 − amp− np− anp+ p2 + 2ap2)z3
β(z) = (m2n2 + 2am2n2 −m2np− am2np− amn2p− am2p2 +mnp2 + 2amnp2 − n2p2 − an2p2)
+(−m2n− 3am2n− 2mn2 − 3amn2 +m2p+ 3am2p+ 2n2p+ 3an2p−mp2z + np2)z
+(3mn+ 6amn− 3amp− 3np− 3anp)z2
+(−m− am− an+ p+ 2ap)z3.
This S carries m,n, p respectively to m,n, p with multiplicity 2.
3. We need to find the parameter a so that f is symmetric with respect to m,n, p. We do this by
making a a function of m,n, p. To do so, we observe that
f(a,m, n, p, y) = f(b, n,m, p, y) ⇒ b = −1− a,
f(a,m, n, p, y) = f(b, p, n,m, y) ⇒ b =
−a
1 + 3a
,
f(a,m, n, p, y) = f(b,m, p, n, y) ⇒ b = −
1 + 2a
2 + 3a
,
f(a,m, n, p, y) = f(b, p,m, n, y) ⇒ b =
−1− a
2 + 3a
f(a,m, n, p, y) = f(b, n, p,m, y) ⇒ b = −
1 + 2a
1 + 3a
.
In other words, a undergoes a group of linear fractional transformations as above isomorphic to S3
as we permute m,n, p. We can realize this group of linear fractional transformations by a rational
function of degree 1. The reader can check that
a(m,n, p, s) =
(mn− 2mp + np) + (m− 2n+ p)s
3(m− n)(p− s)
undergoes the same transformations as above when the m,n, p are permuted, e.g.,
a(n,m, p, s) = −1− a(m,n, p, s)
a(n, p,m, s) =
1 + 2a(m,n, p, s)
1 + 3a(m,n, p, s)
,
and this is sufficient since these permutations generate S3. Define
fs(y) = fs(m,n, p, y) = f(a(m,n, p, s),m, n, p, y).
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Then fs(m,n, p, y) is invariant under all permutations of m,n, p, and
fs(y) =
αs(y)
βs(y)
, where
αs(y) = (2m
3n3p− 2m3n2p2 − 2m2n3p2 + 2m3np3 − 2m2n2p3 + 2mn3p3)
+(−m3n2p−m2n3p−m3np2 + 6m2n2p2 −mn3p2 −m2np3 −mn2p3)s
(−3m3n2p− 3m2n3p− 3m3np2 + 18m2n2p2 − 3mn3p2 − 3m2np3 − 3mn2p3)y
+(6m3np− 6m2n2p+ 6mn3p− 6m2np2 − 6mn2p2 + 6mnp3)sy
+(6m3np− 6m2n2p+ 6mn3p− 6m2np2 − 6mn2p2 + 6mnp3)y2
+(−3m3n+ 6m2n2 − 3mn3 − 3m3p− 3n3p+ 6m2p2 + 6n2p2 − 3mp3 − 3np3)sy2
+(−m3n+ 2m2n2 −mn3 −m3p− n3p+ 2m2p2 + 2n2p2 −mp3 − np3)y3
+(2m3 − 2m2n− 2mn2 + 2n3 − 2m2p+ 6mnp− 2n2p− 2mp2 − 2np2 + 2p3)sy3
βs(y) = (2m
3n3 − 2m3n2p− 2m2n3p− 2m3np2 + 6m2n2p2 − 2mn3p2 + 2m3p3 − 2m2np3 − 2mn2p3 + 2n3p3)
+(−m3n2 −m2n3 + 2m3np+ 2mn3p−m3p2 − n3p2 −m2p3 + 2mnp3 − n2p3)s
+(−3m3n2 − 3m2n3 + 6m3np+ 6mn3p− 3m3p2 − 3n3p2 − 3m2p3 + 6mnp3 − 3n2p3)y
+(6m2n2 − 6m2np− 6mn2p+ 6m2p2 − 6mnp2 + 6n2p2)sy
+(6m2n2 − 6m2np− 6mn2p+ 6m2p2 − 6mnp2 + 6n2p2)y2
+(−3m2n− 3mn2 − 3m2p+ 18mnp − 3n2p− 3mp2 − 3np2)sy2
+(−m2n−mn2 −m2p+ 6mnp− n2p−mp2 − np2)y3
+(2m2 − 2mn+ 2n2 − 2mp− 2np+ 2p2)sy3.
4. In terms of the elementary symmetric functions of m,n, p this is:
fs(y) =
αs(y)
βs(y)
, where
αs(y) = y
3
(
s
(
2σ31 − 8σ2σ1 + 18σ3
)
− σ2σ
2
1 − 3σ3σ1 + 4σ
2
2
)
+y2
(
s
(
−3σ2σ
2
1 − 9σ3σ1 + 12σ
2
2
)
+ 6σ3σ
2
1 − 18σ2σ3
)
+y
(
s
(
6σ21σ3 − 18σ2σ3
)
+ 27σ23 − 3σ1σ2σ3
)
+s
(
9σ23 − σ1σ2σ3
)
− 6σ1σ
2
3 + 2σ
2
2σ3
βs(y) = y
3
(
s
(
2σ21 − 6σ2
)
− σ1σ2 + 9σ3
)
+y2
(
s (27σ3 − 3σ1σ2) + 6σ
2
2 − 18σ1σ3
)
+y
(
s
(
6σ22 − 18σ1σ3
)
+ 12σ3σ
2
1 − 3σ
2
2σ1 − 9σ2σ3
)
+s
(
4σ3σ
2
1 − σ
2
2σ1 − 3σ2σ3
)
+ 2σ32 + 18σ
2
3 − 8σ1σ2σ3
5. We apply this to the universal family of elliptic curves with a point of order 7 considered in section
2. The m,n, p are the x-coordinates of the points of order 2 other than O on the quotient curve
E′. In other words, they are the roots of the discriminant with respect to y of the Weierstrass
equation for E′ given there. The symmetric functions σ1, σ2, σ3 are up to signs the coefficients of
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this discriminant. We get
σ1 =
1
4
(−1− 2t− 3t2 + 6t3 − t4)
σ2 =
1
4
(
−20t7 + 142t5 − 284t4 + 280t3 − 138t2 + 20t
)
σ3 =
1
4
(
4t11 + 32t10 − 184t9 + 428t8 − 808t7 + 1371t6 − 1570t5 + 1031t4 − 376t3 + 76t2 − 4t
)
Hence, we have a 2 dimensional family of curves Xs,t defined by fs(y) = ut(x), that is
αs(y)(−t+ t
2 − x)2(−t2 + t3 − x)2x2 = wt(x)βs(y).
We will see in the next section that their Jacobians have endomorphisms by the cubic field Q(ζ7 + ζ7).
3. Relation to Ellenberg’s construction
Let D7 = 〈σ, τ | σ
7 = τ2 = e, τστ−1 = σ−1〉 be the dihedral group of order 14, symmetries of a regular
7-gon. It has 7 involutions τi = σ
iτσ−i, i = 0, ..., 6. Corresponding to the lattice of subgroups of D7 we
have the tower of curves and morphisms as in the following diagram.
{e}
〈τi〉
D7
〈σ〉
E
P1x
P1z
E′ = E/〈S〉
x
u(x)
z
p
Y
Xi
P1y
C
hi
vi
y
q
Here E is an elliptic curve and S ∈ E is a point of order 7 as in Mestre’s constrtuction. f is the canonical
projection, which is an e´tale cyclic covering of degree 7. The curves E/〈τi〉 are all abstractly P
1 and we
choose one coordinate x for all of them. We do this as follows: We let x = x1 : E → P
1 be projection
modulo the involution τ1 = τ : P 7→ −P , then xi is the projection modulo the involution τi : P 7→ −P + iS.
The diagram on the right results by base-change along the map z 7→ u = z2 + c : P1z → P
1
u for a constant
c. Strictly speaking this is base-change followed by normalization. However, the map q really is the base-
change of p via the map C → E′, since p is e´tale, and no normalization is required. It follows that q is an
e´tale cyclic covering of degree 7. We can see that the curves Xi = Y/〈τi〉, all isomorphic, are of genus 3,
the curve C is of genus 2 and the curve Y is of genus 8.
Here is a diagram:
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Y E
X P1x
C E′
P1y P
1
z
h
l
q
x
p
g
v
y
k
z
f
u
The front, bottom and back faces are defined as pull-hack squares. More precisely, they are pull-backs
followed by normalization. Actually the back face is just a pull-back as mentioned, because the map p is an
e´tale map of smooth curves, so its base-change gives an e´tale map of smooth curves q. The dotted arrow
h exists commuting the diagram. In view of universal properties of normalization and fiber-products, it
suffices to verify that f ◦ (y ◦ q) = u ◦ (x ◦ l), which is immediate. Note also that this diagram clearly
shows an action of D7 on the curve Y . The maps P 7→ P + S on E and the identity on C lift to give an
automorphism σ of order 7 on Y by base-change. The map P 7→ −P on E′ and the identity on P1y lifts
to the hyperelliptic involution on C. In turn, the hyperelliptic involution on C and the identity map on E
lifts to an automorphism τ of order 2. These generate a dihedral group of symmetries. The ramifications
in this picture conform to Ellenberg’s branching for this example: The overall projection Y → P1y is
a Galois D7 covering branched above 6 points of branching type 2, 2, 2, 2, 2, 2, 2. The six branch points
Σ ⊂ P1y are the branch points of the projection of the genus 2 curve C → P
1
y. Thus the branched covering
a : Y (C)→ P1y(C) is topologically described by the monodromy homomorphism
ρ : pi1(P
1
y(C) \Σ, ∗)→ Aut(a
−1(∗)) ∼ S7
acting transitively. The image of ρ is isomorphic to D7. That the action is a transitive Galois action means
that, as D7-set, a
−1(∗) is isomorphic to D7 with its natural D7-action by (right) translation. Finally, this
image is generated by the 6 involutions τi ∈ D7 gotten by walking from ∗ around each of the 6 points in Σ.
These satisfy τ1τ2τ3τ4τ5τ6 = 1. In terms of the generators σ, τ of D7, this means that τi = σ
biτ , i = 1, ..., 6.
It is not difficult to see that the action is transitive if and only if at least two of the bi are distinct modulo
7.
Recall the general set-up in Ellenberg’s paper. We let Y be a smooth projective curve an G be a finite
group acting on Y . There is a homomorphism of algebras
Z[G]→ End(Jac(Y ))
and similar maps to endomorphism algebras of H i(Y ) for various cohomology theories H i. After ⊗Q, both
sides above are semisimple algebras of finite dimension. If H ⊂ G is a subgroup, we have the idempotent
1
#H
∑
h∈H
h := piH ∈ Q[G].
One defines a “Hecke algebra” Q[H\G/H] as the subalgebra of Q[G] generated by piHgpiH for all g ∈ G.
If X = Y/H, then we have a homomorphism
Q[H\G/H]→ End(Jac(X))
since Jac(X) = piHJac(Y ). Similar results apply to endomorphisms of H
i(X).
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Our case is the genus 8 curve Y with the action of G = D7 described above. The curve X = Y/H
has genus 3, where H = 〈τ〉 is generated by any involution. One can show directly that Q[H\G/H] is
isomorphic to Q([ζ7+ ζ7], but in any case, this is one of a family of examples studied in Ellenberg’s paper.
In view of the classical isomorphism End(Jac(X)) = Corr(X) of the ring of endomorphisms of the
Jacobian with the ring of correspondence classes of X, for any curve X, we can describe geometrically
the action of the generator piHσpiH as follows: if h : Y → X = Y/H is the canonical projection, we get a
second projection h ◦ σ : Y → X. These two projections define the correspondence, which therefore has
degrees (2, 2).
Thus we have shown our main result:
Theorem 3.1. Let Xs,t be the curve defined by fs(y) = ut(x). For general values of (s, t) this is a genus 3
nonhyperelliptic curve and there is an endomorphism φ of the Jacobian of Xs,t which satisfies the equation
φ3 + φ2 − 2φ− 1 = 0. The endomorphism is defined over the field Q(s, t).
4. An example.
Let X be the smooth projective model of the curve Xs,t with s = 0, t = −2. The calculations that follow
were done in Magma and PARI/GP in a Sage worksheet. This curve is irreducible and nonhyperelliptic of
genus 3. The canonical model of this curve is the projective plane quartic:
x4 +
345x3y
4
−
16038x3z
7
+
14499x2y2
14
−
553623
4
x2yz +
4273137x2z2
2
+
2153679xy3
28
+
28315359
7
xy2z
+
659015811
7
xyz2 −
6866481456xz3
7
−
28405935y4
7
− 20973087y3z −
10692058320y2z2
7
−
205496736912yz3
7
+
1321162646760z4
7
= 0.
We compute the zeta function of the scheme X/Z. This means that we compute
Z(X/Fp, x) = exp

∑
ν≥1
Nνx
ν/ν

 = 1 + apx+ bpx
2 + cpx
3 + pbpx
4 + p2apx
5 + p3x6
(1− x)(1 − px)
for the primes p 6= 2, 3, 7, 73, 109, 829, 967 (divisors of the discriminant of the ternary quartic above), where
Nν = #X(Fpν ). Since the curve has genus 3 we need only compute Nν for ν = 1, 2, 3. The numerator in
the above expression equals
hp(x) := det
(
1− xρ(Frobp) | H
1
et(X ⊗Q,Ql)
)
, l 6= p,
where ρ : Gal(Q/Q)→ GSp(H1et(X⊗Q,Ql)) is the canonical Galois representation in e´tale cohomology, and
Frobp is a Frobenius element at p. Since the Jacobian of X has endomorphisms in the field K = Q(ζ7+ζ7),
and these endomorphisms are defined over Q, Vl = H1et(X ⊗Q,Ql) becomes a free Kl = K ⊗Ql-module of
rank 2, and the operators in K commute with those in Gal(Q/Q), so that the representation ρ factors as
ρ : Gal(Q/Q)→ GL2(Vl) ⊂ GSp6(Ql).
This implies that the characteristic polynomials hp(x) factor as gp(x)g
σ
p (x)g
σ2
p (x) for a quadratic polynomial
gp(x) ∈ OK [x], where OK = Z[t]/(t3 + t2 − 2t− 1) is the ring of integers of K and σ generates the Galois
group of K over Q. These polynomials, as well as the trace of Frobp are displayed in Table 1.
Using the solution to Serre’s conjecture, [7] it follows that these quadratic factors coincide with the
Hecke polynomials of modular form, modulo l. In fact, one can show that these quadratic factors coincide
with the Hecke polynomials of a weight 2 newform.
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p gp(x) Trace
5 1− tx+ 5x2 −1
11 1− tx+ 11x2 −1
13 1 + (3− t)x+ 13x2 −10
17 1 + (−1− 4t)x+ 17x2 −1
19 1 + (6− 3t− 2t2)x+ 19x2 −11
23 1 + (8− t− 3t2)x+ 23x2 −10
29 1 + (8− 5t− 6t2)x+ 29x2 1
31 1 + (7− t− 2t2)x+ 31x2 −12
37 1 + (6− 4t− 5t2)x+ 37x2 3
41 1 + 8x+ 41x2 −24
43 1 + (4− t− 2t2)x+ 43x2 −3
47 1 + (10− t− 4t2)x+ 47x2 −11
53 1 + (6 + 2t− 5t2)x+ 53x2 9
59 1 + (10 − 6t− 9t2)x+ 59x2 9
61 1 + (−2 + 3t)x+ 61x2 9
67 1 + (4− t− 2t2)x+ 67x2 −3
71 1 + (10 − 4t− 5t2)x+ 71x2 −9
79 1 + (7− 8t− 9t2)x+ 79x2 16
83 1 + (1− 3t− 6t2)x+ 83x2 24
89 1 + (19 − t− 11t2)x+ 89x2 −3
Table 1. Factorization of hp(x) = gp(x)g
σ
p (x)g
σ2
p (x), trace of Frobp at good primes.
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